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Abstract 
Protective devices are designed to protect people, the environment and material assets 
under emergency situations. If protective devices do not work well, serious 
consequences may be resulted. It is critical to pay special attention to their maintenance. 
For this reason, many availability models have been developed to obtain an optimal 
inspection interval and to maximize their availability. However, few attention have been 
paid to the relationship between the statistical distributions used to describe the lifetime 
of protective devices and their optimal inspection interval and maximum availability. 
Furthermore, the problem that might occur when the normal distribution takes negative 
values has not been considered yet in protective device maintenance. This thesis aims to 
calculate the optimal inspection interval and maximum availability for the Weibull, 
normal, truncated normal and exponential distributions. Also, the relationship between 
these statistical distributions, and the availability and the inspection interval is studied. 
Finally, this thesis intends to study the problem that arises when the normal distribution 
might take negative values. To meet these objectives, an existing availability model, 
which considers constant time between inspections, is adapted to the Weibull, normal, 
truncated and exponential distributions. After adapting the model to each distribution, 
the effects of each distribution’s parameters on the optimal inspection interval and 
maximum availability are analyzed. It is not recommended to use the normal 
distribution if it has a large number of negative values while the truncated normal 
distribution is suggested as a possible approach to replace the normal distribution. This 
analysis help us to have a understanding on what is the performance and limitations of 
each of the four distributions.  
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Chapter 1  
Chapter 1:    Introduction 
Introduction 
 
1.1 Background and motivation 
Protective devices are our last line of protection when things do not function as 
expected. They are designed to protect people, the environment and material assets 
under emergency situations [1]. These kind of devices are used in many fields; ranging 
from respiratory protections in underground coal mines to hotbox detectors on railway 
cars [2]. Due to high impacts that protective devices may trigger, their maintenance 
represents crucial concerns for all kind of companies.  
Tasks designed to ensure all protectives devices work as expected are called detective 
tasks [3]. Detective maintenance was defined by Campbell and Reyes-Picknell [4] as a 
form of proactive work done to detect failures that have already occurred but remain 
undetected because the functionality that has been lost is normally not used or dormant. 
It is important to note the main difference between preventive maintenance and 
detective maintenance. The first is based on overhauling items or replacing some 
components, while the second is designed to check whether the device or equipment 
still works. 
A parameter that allows to measure the performance of detective maintenance and is 
widely used [4]–[6] is availability, which is defined as the ratio of uptime to total time 
[7]. 
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The particular maintenance challenge of a protective device is that failures are not 
detected until it is called into use. These failures are called hidden or unrevealed failures 
[2]. Therefore, in order to check whether a protective device still works it is necessary 
to schedule functional inspections. Such inspections are called failure-finding tasks or 
functional tasks [3]. The optimal interval between inspections is known as failure-
finding interval (FFI). FFI solely refers to equipment which may suffer from hidden 
failures [2]. 
Moubray [3] points out that even if Reliability Centered Maintenance (RCM) is 
correctly applied to almost all modern, complex industrial systems, it is common to find 
that up to 40% of failures correspond to hidden failures. Moreover, up to 80% of these 
failures require a Failure Finding, which means that around one third of the tasks 
generated by comprehensive, correctly applied maintenance strategy development 
programs are failure finding tasks.  
Inspection policies to guarantee a satisfactory level of availability have been deeply 
studied [2][5][8]. Although many factors may affect these policies for finding the 
optimal interval, almost all of them aim to maximize availability or minimize expected 
cost. If the interval between inspections is very short the maintenance costs will rise due 
to the increase of times of inspection. On the other hand, if the interval is very long, the 
failure may not be detected timely.  
Current research explains that the frequency of failure-finding tasks depends on two 
variables: the desired availability and the lifetime distribution of a device [3]. Although 
cost can also be considered as a factor to determine the frequency, to narrow down the 
scope of this thesis it is not considered. For a protective device, it may be more useful to 
determine frequency based on the availability rather than the cost. This is due to the 
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consequences a failed protective device may trigger. The common used lifetime 
distributions are exponential, Weibull, log-normal, log-logistic and gamma [9]. 
Nevertheless, the Weibull distribution is the most widely used for protective devices. 
Some examples can be found in [10] and [11]. Although normal distribution is widely 
used in many fields, in maintenance it is not very common since it might take negative 
numbers, and obviously, this is not realistic to model the lifetimes. Left-truncated 
normal distribution (truncating normal distribution at zero) is one way to avoid the 
negative numbers in the normal distribution [12].  
If protective devices are poorly maintained, their failure risks increase. Consequences of 
failure in protective devices may be catastrophic. For instance, a clear evidence of the 
importance of protective devices’ maintenance is the blackout of August 14th, 2003, 
which affected Northeast United States and Canada, inconveniencing around 50 million 
people, 11 people died and $6 billion damage cost [13]. One of the main causes of this 
blackout was due to a hidden failure of a relay protection [14].  
The author’s interest in writing this thesis stems from the fact that in recent decades, 
maintenance studies are gaining importance. At universities, maintenance is becoming 
one of the most essential courses for every engineering faculty, while all companies that 
aim to be competitive have their own maintenance department or programs. 
Nevertheless, protective devices’ maintenance has been considerably neglected [5]. Due 
to the potential consequences that they can trigger, it is worth to pay more attention to 
them. Moubray [3] stated that protective device’s maintenance would become a bigger 
maintenance strategy issue in the following decade than predicative maintenance.  
The lifetime distribution of protective devices may follow different distributions, for 
example, the Weibull distribution and exponential distribution. This study will 
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investigate the relationships between lifetime distribution models, machine availability 
and inspection interval. It is necessary to have a clear understanding of effect of 
distribution models for the selection of a protective device. In addition, left-truncated 
normal distribution has not been previously considered for calculating the availability in 
a protective device or its inspection interval. We will investigate the possibility of using 
it as an alternative to the normal distribution to address the issue of negative values of 
the normal distribution. 
 
1.2 Literature review 
Protective devices are used in a wide variety of fields, for example, protection relays in 
the electrical distribution field and fire suppression systems in the vehicle field [2]. 
These devices protect people, environment and materials from hazardous situations. 
One main challenge in maintenance is that protective devices lie dormant for most of 
their life and consequently they may hide failures until they are called into use.  In this 
section, literature related to protective devices is reviewed, paying particular attention to 
availability, availability models and statistical distributions used to model lifetime of 
protective devices.  
 
1.2.1 Availability 
Availability is an important parameter to measure the performance of devices. It can 
represent reliability1 as well as maintainability2[7].  
                                                          
1 The probability that a unit will perform a required function under stated conditions for a stated period of 
time [15]. 
2 The ability of an item, under stated conditions of use, to be retained in, or restored to, a state in which it 
can perform its required functions, when maintenance is performed under stated conditions and using 
prescribed procedures and resources [1]. 
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Sandler [16] gave three definitions of availability depending on the time interval 
considered.  
1. Instantaneous availability, A(t): defined as the probability that the system is 
operational at any random time t. Several researchers used instantaneous 
availability in their models since it can tell the reliability at any given time 
[11][16]. 
 
2. Average uptime availability, A(T): is the proportion of time in a specified 
interval (O, T) that the system is available for use. It is expressed: 
𝐴(𝑇) =  
1
𝑇
 ∫ 𝐴(𝑡) 𝑑𝑡
𝑇
0
 ( 1.1 ) 
Based on the literature review carried out for this thesis, no reference of the use 
of average uptime availability in protective devices could be found.  
 
3. Steady-state availability, A(∞): when the time interval considered is very large 
and is given by: 
𝐴(∞) =  lim
𝑇→∞
𝐴(𝑇) ( 1.2 ) 
Steady-state availability is more widely used to determine an optimal interval 
according to Martínez et al. [17], Pascual et al. [18] and Pak et al. [19]. Tang [5] 
carried out a comparison between instantaneous and steady-state availabilities. 
    
1.2.2 Availability models 
Several models have been proposed to maximize the availability of protective devices. 
This section will review the most recent and relevant literature. 
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Sarkar and Sarkar [20] developed an availability model, which could calculate both 
instantaneous availability and steady-state availability, considering periodic inspections 
and a perfect repair policy with constant repair time. In their model two assumptions are 
considered. In the first one, a working component is treated as good as new upon a 
perfect repair. If a component is found failed at an inspection, a perfect repair, which 
takes a constant amount of time, will be carried out immediately. In the second one, a 
component found working well at an inspection is not intervened. If an inspection 
reveals a component failure, a perfect repair is carried out instantaneously and the time 
cost used for the repair is considered to negligible. 
Later, Klutke and Yang [21] considered failures caused by random shocks which 
occurred following a Poisson process, and graceful degradation at a constant rate. 
Inspections were scheduled periodically. Steady-state availability was studied.  
The effect of imperfect repairs was studied by Biswas, Sarkar and Sarkar [22]. They 
consider that systems are maintained through a fixed number of imperfect repairs before 
being replaced or perfectly repaired, and a repaired system is restored to operation at the 
next scheduled inspection time. The lifetime distribution of the system in its new and 
imperfectly repaired states is arbitrary. The times required for imperfect repairs and for 
perfect repair are randomly distributed. 
Jardine and Tsang [2] considered times to make a repair or replacement and to carry out 
an inspection. All downtimes considered in their model are constant. They assumed that 
if a system is found working well after an inspection, it is considered as good as new 
condition. After each repair or replacement, the system is also considered as good as 
new. Average availability is studied in their model. 
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In contrast to previous models, Pak et al. [19] did not consider periodic intervals. They 
proposed a model where at any decision point a dynamic program calculated the 
optimal time to the next inspection, and the type of action to be undertaken, depending 
on the observed state of a device. When an inspection is carried out, if the system is 
found failed, a repair or replacement is performed and optimal time to the next 
inspection is determined. If it is found in operating conditions, optimal time to the next 
action is calculated too. As in Biswas et al. [22], repairs are assumed to be imperfect 
and they change device’s failure distribution. They consider inspection time and repair 
or replacements times to be constant. 
Tang [5] proposed three availability models. To formulate more realistic and more 
generalizable models, he claimed that inspection and repair (or replacement) times 
could not be neglected, and both could be either constant or random. Two assumptions 
are made in their model, like in Sarkar and Sarkar [20]. In the first, after an inspection, 
the system is always restored to as good as new condition. In the second, at an 
inspection, the system found working is returned to operation without intervention. In 
addition, two types of inspection policies are studied. The first type is called calendar-
based, and inspections are scheduled at a fixed calendar interval, for instance once a 
week. Downtime due to inspection and repair is included in the interval between 
inspections.  The second type, which is called age-based, schedules inspections at a 
fixed age interval. Downtime is not included in the inspection interval. Fig.1 shows the 
differences between both policies. Instantaneous and steady-state availabilities are 
studied. More details of this model will be given in Chapter 3. 
Among almost all researchers, periodic inspections are preferred rather than sequential 
as illustrated in the previous models.  For this thesis, an availability model is needed. As 
it has been explained, there is a wide range of considerations that can be assumed when 
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the optimal inspection interval or the availability is calculated. Some authors do not 
consider the downtime due to repair or inspection; however, the model to be used in this 
considers both of them. In some situations, a system or plant shutdown is needed, and 
this time cannot be neglected. Moreover, in this thesis, the device is only considered as 
good as new after a repair or a replacement. Finally, the interval between inspections is 
considered fixed, this is due to the easiness of scheduling periodic inspections in 
factories. All these considerations lead to the use of one model developed by Tang et al. 
[6]. 
 
1.2.3 Statistical distributions used in detective maintenance 
A protective device accumulates damage due to random processes and natural 
degradation until it fails. Consequently, the time to failure, also called lifetime, of a 
protective device depends on these random processes. Due to its random nature, 
probabilistic distributions are used to model lifetime, which is an essential parameter for 
calculating availability.  
Many distributions have been used in literature to model lifetime. A deep review of all 
distributions used in maintained systems was carried out by Lie, Hwang and Tillman 
[7]. This section reviews distributions used to model lifetime of protective devices.  
Tippachon et al. [10] carried out a failure analysis of protective devices in power 
distribution systems for reliability purposes. Such protective devices included breakers, 
reclosers, fuses and switches. Through a Kolmogorov-Smirnov Test on failure data, it 
was determined that these devices’ lifetime could be described by the Weibull 
distribution. Wang et al. [11] also carried out a failure analysis and proved that lifetime 
of protective capacitors also followed the Weibull distribution. As in Nakagawa and 
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Yasui [23], Jiang and Jardine [24] used a data set of which the lifetime was described by 
the Weibull distribution to compare the accuracy and robustness of two optimization 
models. In another comparison carried out by Kaio and Osaki [25], not only did they 
studied the Weibull distribution, but also the gamma distribution. Tang [5] proposed 
two cases of studies in order to put in practice his availability models. In the first, Tang 
analysed ten years of data of safety valves installed in a thermal power plant, and found 
that the failure times followed the Weibull distribution. In the second, historical data of 
safety valves in a mining and refining company was studied, and it was also proved that 
the failure time of these safety valves followed the Weibull distribution.  
The normal distribution has also been studied in literature. Hauge [26] worked with the 
failure history data of a gaseous nitrogen dome regulator. The data fitted the normal 
distribution well. Jiang and Jardine [24], inspired by Barlow et al. [8], used another data 
set in their comparison, where  the time to failure was normally distributed. However, 
normal distribution can take negative values and this can lead to errors. 
An approach to solve the problems caused by the normal distribution can be the use of 
the truncated normal distribution. Although this distribution has not been used in 
detective maintenance, it has been widely used in other fields. For instance,  Johnson 
and Thomopoulos [27] used the truncated normal distribution to model demand to 
determine safety stocks. As a result, they improved the accuracy of the demand. Liu and 
Ding [28] used the truncated normal distribution to describe the annual dry-bulb 
temperature. Song et al. [29] studied the static reliability of a pantograph, and they 
found the same problem that have been mentioned previously. For the stress and 
strength problems, the distribution mostly used is the normal distribution. However, 
there is a conflict between the values of stress or strength and the values of the normal 
distribution. The stress or strength is only defined for positive values, as lifetime does, 
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and normal distribution can take negative values. In order to avoid this problem, they 
[29] proposed an analysis based on the truncated normal distribution.  More applications 
of the truncated normal distribution can be found in [30]–[33]. 
Some authors, such as Sim [34], considered that the lifetime of a protective device 
followed the exponential distribution. Badía, Berrade and Campos [35] studied the 
behaviour of an inspection policy using the exponential and the Pareto  lifetime 
distributions. Furthermore, Tang [5] and Jardine and Tsang [2] presented availability 
models when the time to failure followed the exponential distribution. 
 
1.3 Research objective 
As it has been mentioned before, inspections play a decisive role to detect and fix 
failures in detective devices. For this reason, this thesis aims to calculate the optimal 
inspection interval for maximizing the availability of a protective device when its 
lifetime follows a specific probabilistic distribution. To meet this objective, an existing 
model reported in [6] is used. This model will be described in Chapter 3.  
The literature review has exposed that the lifetime of the vast majority of protective 
devices is represented by the following distributions: the normal distribution, the 
Weibull distribution, the exponential distribution. Therefore, it is necessary to 
investigate the relationships between distribution models, inspection interval and 
maximum availability. Furthermore, it will be investigated how the parameters of each 
distribution affect the optimal inspection interval and the maximum availability. 
This thesis will also investigate the problem that arises for the normal distribution 
taking negative values. The truncated normal distribution will be studied as an approach 
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to solve this problem. This study will let us know whether it is admissible to use the 
normal distribution when it may take a large number of negative values.  
 
1.4 Organization of thesis 
The thesis is structured as follows. In Chapter 1, existing literature related to 
availability, availability models and lifetime distributions used in detective maintenance 
is reviewed. Chapter 2 describes all the distributions this thesis will use: the Weibull, 
exponential, normal and truncated normal distributions.  In Chapter 3, an availability 
model to be used in this thesis is presented. In Chapter 4, the Weibull, exponential and 
normal distributions are analysed respectively in making maintenance decisions. Later, 
the truncated normal distribution is presented as a solution to the negative value 
problem that arises when the normal distribution is used. A comparison between the 
normal and truncated normal distributions is carried out too. Finally, future work is 
presented in Chapter 5. 
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Chapter 2 
Chapter 2:    Distributions used to model protective devices’ lifetime 
Statistical Distributions Used to Model 
Lifetime of Protective Devices 
 
Due to the importance of statistical distributions for calculating the optimal inspection 
interval and the availability of protective device, Chapter 2 describes briefly the most 
relevant distributions. These statistical distributions are used to model the lifetime of 
protective devices, and based on the literature review the most used are: the Weibull, 
exponential and normal. Although the truncated normal distribution has not been widely 
used so far, it is possible a solution to the issue of negative values of the normal 
distribution. 
Generally, the lifetime of a device is not predetermined or fixed; thus, we can claim that 
it is a random variable. For this reason, the approach used in this study is in the sense of 
probability theory. The following functions are presented for the Weibull, exponential, 
normal and truncated normal distributions, respectively: the failure density, the failure 
distribution, the hazard rate and the reliability functions. The effect of their parameters 
is discussed. These functions will be used in Chapter 4 to adapt the availability model 
that will be presented in Chapter 3 to calculate the maximum availability and optimal 
inspection interval of a protective device.  
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2.1 The Weibull distribution 
Regarding to the literature review, the Weibull distribution is one of the most widely 
used distributions in detective maintenance. Together with the normal and exponential 
is the most popular distribution in modern statistics. It is one of the most interesting 
distributions since it is able to fit data from various fields, ranging from life data to 
weather data or economics [36].  
Although originally the Weibull distribution depends on three parameters: β (the shape 
parameter), γ (the location parameter) and η (the scale parameter) [2], this thesis only 
considers the two parameters version (β - η), which is the most used one in maintenance 
[36]. 
In Table 2.1, the most relevant functions of the Weibull distribution for this research 
can be found. It is important to note that the time 𝑡 is only defined for positive values 
(𝑡 ≥ 0). 
 Table 2.1: Functions of the Weibull distribution 
 
 
 
Probability density 𝑓(𝑡) =
𝛽
𝜂
(
𝑡
𝜂
)
𝛽−1
𝑒𝑥𝑝 [− (
𝑡
𝜂
)
𝛽
]  
Cumulative density 𝐹(𝑡) = 1 − 𝑒𝑥𝑝 [−(
𝑡
𝜂
)
𝛽
]  
Hazard rate ℎ(𝑡) =
𝛽
𝜂
(
𝑡
𝜂
)
𝛽−1
  
Reliability 𝑅(𝑡) = 𝑒𝑥𝑝 [− (
𝑡
𝜂
)
𝛽
]  
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The mean is expressed as:  
?̅? =  𝜂 Γ ( 1/𝛽 + 1), ( 2.1 ) 
where Γ is the gamma function. 
 
Weibull distribution parameters 
The β parameter determines the shape of the distribution. Different values of β may 
have an important effect on the behavior of this distribution: 
- When 0 < β < 1, it indicates that the failure rate decreases over time. In this 
situation, it has a hyperbolic shape with f (0) = ∞. 
- When β = 1, the failure rate is constant over time. It becomes an exponential 
function.  
- When β  >  1 indicates that the failure rate increases with the time. It is a 
unimodal function in which skewness changes from left to right as the value of β 
increases [2]. 
Fig. 2.1 shows the behaviour of the probability density function for the Weibull 
distribution when the shape parameter takes different values and the scale parameter is 
fixed at 2 years. The values selected for the shape parameter are: 0.5, 1, 2.5 and 5 
(years). As we can see, depending on the β value the shape is completely different.  
15 
 
 
 
 
 
 
 
The scale parameter, η, determines the spread of the distribution. If η is increased, while 
β is fixed, the distribution’s height decreases and it spread increases.  
Fig. 2.2 shows the effects of the scale parameter on the shape of the Weibull 
distribution. In this figure, the probability density function for scale parameters of 2, 4, 
6 and 8 years are plot. The shape parameter is fixed at 2.5 years. Here we can see the 
phenomenon described previously.   
 
 
 
 
 
 
 
 
 
 
Fig. 2.1: Effect of β on the failure density with scale parameter fixed at 2 years 
Fig. 2.2: Effect of η on the failure density with shape parameter fixed at 2.5 
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2.2 The exponential distribution 
The exponential distribution is used when the probability of failure occurring in the next 
small time interval does not vary through time [37]. It is also used when an equipment is 
subjected to random failures [2].  
Besides maintenance applications, the exponential distribution has many other 
applications. For instance: the time to decay of a radioactive atom, the time taken for an 
ambulance to arrive at an accident or the time to answer a telephone inquiry [37]. 
The parameter that defines this distribution is the rate parameter, 𝜆, which represents the 
arrival rate of failures. 
Table 2.2 presents the most relevant exponential expressions for its analysis. 
 
Fig. 2.3 shows the effects of the rate parameter on the probability density function for 
values of 0.5, 1 and 1.5 failures/year. When 𝜆 increases, the shape of the probability 
density becomes wider.  
Probability density 𝑓(𝑡) = 𝜆exp [−𝜆𝑡]  
Cumulative density 𝐹(𝑡) = 1 − exp [−𝜆𝑡]  
Hazard rate ℎ(𝑡) = 𝜆  
Reliability 𝑅(𝑡) = 𝑒𝑥𝑝 [−𝜆𝑡]  
Table 2.2: Functions of the exponential distribution 
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Fig. 2.3: Effect of 𝜆 on the probability density function 
 
2.3 The normal distribution 
The normal distribution, also called the Gaussian distribution, is one of the most widely 
used in statistics due to its intuitive obviousness. It is applicable to a broad range of 
phenomena [37]. This distribution is described by two parameters. The first one is the 
mean, μ, which describes the location. The second is the standard deviation, σ, which 
describes the spread of the distribution. The effects of these parameters are shown in 
Fig. 2.4 and Fig. 2.5. 
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In Fig. 2.4, we can find the probability density function of four different normal 
distributions. All of them share the same standard deviation, σ = 1.5 years, but the mean 
is different for each of them: 0, 3, 6 and 9 years. From this picture, we can see that if the 
mean increases, the probability density function displaces to the right. If the mean 
decreases, it displaces to the left. 
Fig. 2.5 shows four different probability density functions of normal distributions. The 
standard deviations of the distributions are: 1.5, 3, 4.5 and 6 years. The mean is fixed at 
6 years for all the distributions. As we can see, the higher the standard deviation is, the 
wider the distribution is. 
 
 
Fig. 2.4: Effect of μ on the failure density with σ fixed at 1.5 years 
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Table 2.3 shows the most important functions for this study: 
Table 2.3: Functions of the normal distribution 
Probability density 𝑓(𝑡) =  
1
𝜎√2𝜋
𝑒𝑥𝑝 [−
1
2
(
𝑡 − 𝜇
𝜎
)
2
]  
Cumulative density 𝐹(𝑡) =  
1
𝜎√2𝜋
∫ 𝑒𝑥𝑝 [
−(𝑡 − 𝜇)2
2𝜎2
]
𝑡
−∞
𝑑𝑡 
Hazard rate 
ℎ(𝑡) =
exp[ (𝑡 − 𝜇)2/2𝜎2]
∫ exp[ (𝑡 − 𝜇)2/2𝜎2]
∞
𝑡
𝑑𝑡
 
Reliability 
𝑅(𝑡) =  
1
𝜎√2𝜋
∫ 𝑒𝑥𝑝 [−
1
2
(
𝑡 − 𝜇
𝜎
)
2
]
∞
𝑡
𝑑𝑡 
 
Fig. 2.5: Effect of σ on the failure density with μ fixed at 6 years 
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It is really important to remark that 𝑡 ranges from −∞ to +∞. For this reason, it might 
take negative values. Although this distribution allows negative values with positive 
probability, it is sometimes used as a lifetime distribution [1].  
This thesis considers that the distribution does not take negative values if the mean μ is 
greater than 3.5σ, this consideration is based on the fact that 99.7% of the values are 
within [μ - 3σ, μ + 3σ]. This assumption leads to a 1 in 4000 change of the distribution 
giving negative failure time [2].  
 
2.4 The truncated normal distribution 
As it has been explained in Section 2.3, the normal distribution is defined from −∞ to 
+∞. In maintenance, when we work with the lifetime of a device, the lifetime has to be 
considered to be positive values. Thus, we need to consider the distribution that describe 
the lifetime over the domain 0 to +∞. To guarantee the non-negative nature of the 
lifetime of a device, the left-truncated normal distribution is used.  
When a normal distribution is singly truncated on the left or the right, the truncated 
normal distribution is expressed as [38]:  
𝑓𝑇(𝑡) =
𝑓(𝑡)
∫ 𝑓(𝑡)
𝐴
𝑑𝑡
 ( 2.2 ) 
where A represents the range of interest, and 𝑓(𝑡) is the probability density function of 
the function that is intended to be truncated.  
Similar to the normal distribution, the truncated normal distribution is described by two 
parameters, the mean and the variance. These two parameters are different from the 
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mean and variance of the original normal distribution. They can be expressed as 
follows:  
𝜇𝑇 = ∫ 𝑡𝑓𝑇(𝑡) 𝑑𝑡
𝐴
 ( 2.3 ) 
𝜎𝑇
2 = ∫ 𝑡2𝑓𝑇(𝑡) 𝑑𝑥 −(∫ 𝑡𝑓𝑇(𝑡) 𝑑𝑡
𝐴
)
2
𝐴
 ( 2.4 ) 
The mean of a truncated distribution is larger than that of the original distribution. 
However, the variance is smaller [39].  
Fig. 2.6 a) shows the probability density function of three normal distributions. The 
mean is fixed at 0.1, but the standard deviation is: 0.05, 0.1 and 0.2. Fig. 2.6 b) shows 
the truncated probability density functions (truncated at 0) of the three previous 
distributions. In this figure, when the standard deviation increases, the probability of 
taking negative number also does. We can see that the bigger the truncation area is, the 
wider the truncated distribution becomes. 
a) b) 
Fig. 2.6: a) Normal distributions with σ = 0.05, 0.1 and 0.20, μ fixed at 0.1. b) Truncated distributions from a) 
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Table 2.4 presents the expressions which are more important for the analysis of this 
distribution [1].  
Table 2.4: Functions of the truncated normal distribution 
Probability density 𝑓(𝑡) =  
1
𝜎 𝜙 (
𝑡 − 𝜇
𝜎 )
1 − Φ(𝛼)
  
Reliability 𝑅(𝑡) =
Φ(
𝜇 − 𝑡
𝜎 )
Φ(
𝜇
𝜎)
 
Hazard rate 
ℎ(𝑡) =
1
𝜎
Φ(
𝑡 − 𝜇
𝜎 )
1 − Φ(
𝑡 − 𝜇
𝜎 )
 
 
where 𝜙(·) is the probability density of the standard normal distribution and Φ(·) is the 
standard normal cumulative function. The expression that gives 𝛼 is: 
𝛼 =
𝑎 − 𝜇
𝜎
 ( 2.5 ) 
where 𝑎 is the truncation point. 
It is important to note that all the expressions from table 2.3 are only defined when 𝑡 ≥
0. 
 
2.5 Conclusions 
In this chapter, four statistical distributions: the Weibull, exponential, normal and 
truncated normal, are described. The Weibull distribution is described by two 
parameters: the shape and scale parameter. The influence of the shape parameter is 
significant since depending on this parameter the performance of the Weibull 
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distribution is quite different. The exponential distribution is just described by one 
parameter, the rate parameter. The normal distribution is described by two parameters, 
the mean and the standard deviation. The main problem of this distribution is that if no 
considerations are taken into account, it might take negative values. Finally, the 
truncated normal distribution is presented which may be able to solve the negative value 
problem of the normal distribution. 
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Chapter 3 
Chapter 3:    An Availability Model for a Protective Device 
An Availability Model for Protective Devices 
 
3.1 Availability model description 
As it was briefly mentioned in Section 1.2.2, it is important to guarantee the availability 
of a protective device and a mathematical model is needed to maximize its availability. 
This study focuses on maximizing a device’s availability by optimizing the inspection 
interval. Many availability models are available according to the literature review in 
Section 1.2.2. The model proposed by Tang [6] is used directly in this study. In the 
following, a detailed description of this model is given. 
The aforementioned model makes the following assumptions: 
(1) An inspection is carried out at a fixed time interval. In other words, the time 
between inspections does not vary. Periodic inspections are easier to schedule 
than sequential inspections. Furthermore, to calculate the interval in sequential 
inspections a dynamic program is needed [19] and it increases the difficulty to 
solve the problem. 
(2) If a device is found in a failed state at an inspection, it is repaired or replaced 
immediately. Both inspection and repair times are considered non-negligible and 
constant.  
(3) The performance of inspections and repairs or replacements is considered 
perfect. It means that inspections always detect a failure device and do not 
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degrade the device, and when a repair or replacements is carried out, it always 
restores the device to as good as new condition.  
(4) Inspection and repair or replacement downtimes are included in the inspection 
interval. See Fig. 3.1. 
(5) When a system is found failed, the total downtime, due to inspection and repair 
or replacement, is smaller than the inspection time interval length. 
Under all the above assumptions, the steady-state availability can be calculated as [6]: 
?̅? =
∫ 𝑅(𝑡)𝑑𝑡
∞
0
𝐼 ∑ 𝑖𝑞𝑖
∞
𝑖=1
=
𝜇
𝐼 ∑ 𝑅(𝜐𝑖)
∞
𝑖=0
 ( 3.1 ) 
where 
𝑞𝑖 = 𝑅(𝜐𝑖−1) − 𝑅(𝜐𝑖) 
( 3.2 ) 
𝜐𝑖 = {
0, 𝑖 = 0
𝑖(𝐼 − 𝑇𝑊) + 𝑇𝑤 − 𝑇𝐹 , 𝑖 = 1, 2, …
 
  
where, 𝑖 is the number of inspections carried out in one cycle, 𝐼 is the length of the 
inspection interval, 𝑇𝑤 and 𝑇𝐹 are respectively the downtime due to inspection, and total 
downtime when a failure is found, 𝑇𝐹 includes the time for inspection and the time for 
repair or replacement, 𝜐𝑖 represents the time that a device has been working since the 
last repair or replacement and 𝜇 is the mean lifetime of a system. 
To narrow down the scope of the thesis along all the thesis 𝑇𝑤 and 𝑇𝐹 are respectively 
considered to be 8h and 16h. 
In this model, a cycle is defined as the time interval between two inspections in which 
failures have been detected, see Fig. 3.1. The expected time in one cycle is calculated as 
the length of the inspection interval, 𝐼, multiplied by the integration of the reliability 
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function of the device, 𝑅(𝜐𝑖) with i going from zero to infinite. The reliability function 
depends on the parameter 𝜐𝑖 . Basically, the availability is calculated as a device’s 
uptime in one cycle divided by the total time used in one cycle.  
 
Fig. 3.1: Cycle length of the availability model selected 
 
3.2 Numerical example 
To demonstrate how this availability model works and what considerations have to be 
taken into account, a numerical example is given.  
The maximum availability and the optimal inspection interval are calculated for a 
pressure safety valve in an oil and gas field [2]. It is assumed that it fails following an 
exponential distribution, and its mean time to failure is 10 years.  For meeting the 
requirements of the model studied, the downtime due to inspection is assumed to be 8 
hours and the total downtime when a fail is found is fixed at 16 hours.  
The exponential reliability function for this device is given by: 
𝑅(𝑡) = 𝑒−𝜆𝑡 ( 3.3 ) 
where 𝜆 is the number of failures per unit of measurement; in this example, 𝜆 = 1/10 
(failures/year); t is the point when the reliability want to be known; t units are years too. 
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From Eq. 3.2 and Eq. 3.3, the reliability function expressed as a function of the 
parameter 𝜐𝑖 and substituting the values from the numerical example is given by: 
𝑅(𝜐𝑖) = {
0, 𝑖 = 0
exp (− (
1
10 · 365
 ) (𝑖 (𝐼 −
8
24
) +
8
24
−
16
24
)), 𝑖 = 1, 2, …
 
The different parameters are expressed in days. 𝜆 was originally in years while 𝑇𝑤 and 
𝑇𝐹 were in hours. 
The optimal inspection interval, 𝐼, is calculated through an optimization process with 
Matlab. 𝐼 units are days. The number of inspections, 𝑖, has to be limited in order to carry 
out this optimization. Otherwise, this process would never end since there is a 
summation from zero to infinite that depends on 𝑖  in the availability model. To 
approximate this values it is considered that the Eq. 3.3 reaches a value near to zero, 10-
8. From this equation, 𝑡  is considered to be the limit of  𝑖. For this example, the limit is 
67.235. 
The mean lifetime of the system, 𝜇, is given directly by 1/𝜆. Expressed in days too. 
From Eq. 3.1, Eq. 3.2 and Eq. 3.3, the steady-state average availability general 
expression for this numerical example is: 
The results are given in Fig. 3.2, which shows the steady-state availability as a function 
of the inspection interval. This model gives a maximum availability of 0.9865 when the 
inspection interval is 49.5 days. This figure proves that if the inspection interval is 
increased over or decreased below the optimal interval, the availability decreases.  
?̅? =
𝜇
𝐼 ∑ 𝑅(𝜐𝑖)
∞
𝑖=0
=
1/𝜆
𝐼 + 𝐼 ∑ exp (−𝜆(𝑖(𝐼 − 𝑇𝑊) + 𝑇𝑤 − 𝑇𝐹))
∞
𝑖=1
 ( 3.4 ) 
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3.3 Conclusions 
Chapter 3 introduces an availability model that is used along this thesis to meet the 
objectives. In Section 3.1, the considerations that this model takes into account are 
described and the model expression is given. Three of the most relevant assumptions 
that this model makes are the following: the time between inspections is constant, the 
inspection and repair time are constant and non-negligible and the performance of 
inspections and repairs are perfect. From the expression that describes this model, we 
see that it can be adapted quite easily to different statistical distributions. When using 
different distributions, only the mean, 𝜇, and the reliability function of the working time 
since the last repair, 𝑅(𝜐𝑖), need to be adapted. Section 3.2 presents a brief example 
where the optimal inspection interval and the maximum availability are calculated for a 
Fig. 3.2: Steady-stat availability as a function of the inspection interval 
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pressure safety valve in an oil and gas field whose lifetime is described by the 
exponential distribution.  
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Chapter 4 
Chapter 4:    Analysis of the Statistical Distributions 
Analysis of the Statistical Distributions 
 
This chapter is devoted to acquiring a thorough understanding of how distribution 
models may influence on the availability and the inspection interval of a protective 
device. Four distributions are investigated: the Weibull, exponential, normal and 
truncated normal. For each distribution, their respective parameters are studied. To carry 
out this analysis, the availability model presented in Chapter 3 is directly used. 
Chapter 4 is organized as follows. From Sections 4.1 to 4.4, the Weibull, exponential, 
normal and truncated normal distributions are analysed, respectively. Later, in Section 
4.5 a comparison between the normal and truncated normal distributions, when the first 
one might take negative values, is carried out. Finally, conclusions are drawn in Section 
4.6. 
 
4.1 Weibull distribution analysis 
This section analyzes how the scale and shape parameters of the Weibull distribution 
may affect the maximum availability and optimum inspection interval of a protective 
device. First, the scale parameter is fixed at a constant value, and the optimal interval 
and maximum availability are determined for a range of different shape parameters. 
Then, the shape parameter is fixed and the maximum availability and optimal inspection 
interval are calculated for a range of different scale parameters. 
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To carry out this study, the availability model presented in Chapter 3 is adapted, which 
is given in equation (4.1).  
?̅? =
∫ 𝑅(𝑡)𝑑𝑡
∞
0
𝐼 ∑ 𝑖𝑞𝑖
∞
𝑖=1
=
𝜇
𝐼 ∑ 𝑅(𝜐𝑖)
∞
𝑖=0
 (4.1) 
According to this availability expression, 𝜇  and 𝑅(𝜐𝑖)  need to be determined. From 
Chapter 2 (see Table 2.1), we know the reliability function of the Weibull distribution is 
given as follows: 
𝑅(𝑡) = 𝑒𝑥𝑝 [−(
𝑡
𝜂
)
𝛽
] (4.2) 
From Chapter 3 (see equation (3.2)), the expression of 𝜐𝑖 is written as follows: 
𝜐𝑖 = {
0, 𝑖 = 0
𝑖(𝐼 − 𝑇𝑊) + 𝑇𝑤 − 𝑇𝐹 , 𝑖 = 1, 2, …
 (4.3) 
Substituting equation (4.3) into (4.2), the expression for 𝑅(𝜐𝑖) can be obtained: 
𝑅(𝜐𝑖) = {
1, 𝑖 = 0
exp −((𝑖(𝐼 − 𝑇𝑊) + 𝑇𝑤 − 𝑇𝐹)/𝜂)
𝛽
, 𝑖 = 1, 2, …
 (4.4) 
Also, we know from Chapter 2 (see equation (2.1)), μ can be expressed by: 
μ =  𝜂 Γ ( 1/𝛽 + 1) (4.5) 
Consequently, the availability expression for the Weibull distribution is given by: 
?̅? =
𝜂 Γ (1/𝛽 + 1)
𝐼 + 𝐼 ∑ exp −((𝑖(𝐼 − 𝑇𝑊) + 𝑇𝑤 − 𝑇𝐹)/𝜂)
𝛽∞
𝑖=1
 (4.6) 
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In the numerical calculations, the integration upper bound in the denominator is 
calculated using equation (4.7), as did in Chapter 3. It corresponds to 10-8 of the 
Weibull reliability function (see equation (4.2)). 
n =  −(ln 10−8)−𝛽 𝜂 (4.7) 
4.1.1 Analysis of the shape parameter 
As explained in Section 2.1, the Weibull distribution is described by two parameters, 
which are the scale and the shape. This section is intended to analyze the effect of the 
shape parameter on the maximum availability and the optimal inspection interval of a 
protective device. 
To study the effect of the shape parameter, β, different values have been selected. 
According to the explanation of the distribution parameters in Section 2.1, values from 
0.5 to 10 have been chosen. This selection is intended to study the effect of β when: 0 < 
β < 1, β = 1 and β > 1. The interval of the shape parameter is every 0.1. In this analysis, 
the scale parameter is fixed at 1 year.  
First, for a shape of 0.5 and a scale of 1 year, its optimal inspection interval and 
maximum availability have been calculated through the availability model presented in 
equation (4.6). Then, with an analogous procedure, the same results are calculated for 
shapes parameters from 0.6 to 10, the scale is always fixed at 1 year.  
Fig 4.1 shows the relationship between the optimal inspection interval and the shape 
parameter. This figure proves that for shape parameters between 0.5 and 2.2, the 
optimal interval falls significantly, from 21 days to 15 days. When the shape is 2.2, a 
minimum point is reached. If the shape parameter is bigger than 2.2, the optimal interval 
increases slowly.  
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The relationship between maximum availability and the shape parameter is shown in 
Fig. 4.2. Its trend is fairly similar to the relationship between the optimal inspection 
interval and the shape parameter. For shapes parameters from 0.5 to 2.2, the optimal 
interval falls sharply from 0.9687 to 0.9551. Then, it increases slowly until a value of 
0.9567 is reached. Also, the minimum point is found when the shape parameter is 2.2. 
 
 
 
 
 
 
 
Fig. 4.1: Relationship between the optimal inspection interval and the scale parameter.  
(Scale fixed at 1 year, and shapes range from 0.5 to 10) 
Fig. 4.2: Relationship between the maximum availability and the shape parameter. 
(Scale fixed at 1 year and shapes range from 0.5 to 10) 
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After analyzing the optimal inspection interval and the maximum availability for shapes 
parameters from 0.5 to 10 years and a scale parameter fixed at 1 year, for the same 
shape range (0.5 to 10 years) the following scales are tested: 2, 4, 6, 8 and 10 years. 
The relationship between the shape and the optimal inspection interval, and the shape 
and the maximum availability is fairly similar to all the scales tested. For this reason, 
results are not presented. For both the optimal inspection interval and the maximum 
availability, from a shape parameter 0.5 there is a sharply fall until 2.2. Then, there is a 
gradually growth. All the scales tested present a minimum point when the shape 
parameter is 2.2 
 
4.1.2 Analysis of the scale parameter 
This section is devoted to analyzing the effect of the scale parameter on the maximum 
availability and the optimal inspection interval of a protective device. 
To study the effect of this parameter, the shape parameter is fixed at different constant 
values and the optimal inspection interval and maximum availability are calculated for a 
range of scale parameters.  
For the shape parameter, different values have been fixed to study the effect of β when: 
0 < β < 1, β = 1 and β > 1. The values selected for the shape parameter are: 0.5, 0.8, 1, 
2.2, 5 and 10.  The scale parameter range is selected to be from 1.5 to 10 years, the 
interval between values is every 0.1 years. 
First, the maximum availability and optimal inspection interval are calculated for a 
shape parameter of 0.5 and a scale parameter that ranges from 1.5 to 10 years. The 
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model presented in equation (4.6) is used. Then, the same is done for the remaining 
shapes parameters: 0.8, 1, 2.2, 5 and 10.   
Fig. 4.3 presents the relationship between the optimal inspection interval and the scale 
parameter. Each curve corresponds to a fixed shape parameters at 0.5, 0.8, 1, 2.2, 5 or 
10. When the scale parameter increases, the optimal inspection interval increases too. 
The higher optimal inspection interval for a scale is obtained when the shape parameter 
is 0.5. Whereas the lowest intervals are obtained when the shape is 2.2. For all the shape 
parameters studied, the relationship between the optimal inspection interval and the 
scale follows an upward trend. 
In this analysis, the maximum availability also keeps a relationship with the optimal 
inspection interval. Fig 4.4 shows the relationship between the maximum availability 
and the shape parameter. As we can see the trend is fairly similar to Fig. 4.3. Each curve 
from Fig. 4.4 represent the different shapes parameters selected. When the scale 
Fig. 4.3: Relationship between the optimal inspection interval and the scale parameter. 
(Scale ranges from 1.5 to 10 years. Shapes fixed at: 0.5, 0.8, 1, 2.2, 5 and 10) 
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parameter increases, the maximum availability also does. For all the shape parameters 
studied, the results obtained follows an upward trend. Like in the previous analysis, the 
maximum availability is reached for a shape parameter of 0.5. While the lowest 
maximum availability is reached when the shape is 2.2. The maximum availability 
obtained is 0.9906 when the shape parameter is 0.5 and the scale parameter 3650. 
 
4.2 Exponential distribution analysis 
Section 4.2 studies the relationship between the exponential rate parameter and the 
optimal inspection interval and the maximum availability of a protective device. The 
exponential distribution is only described by one parameter, the rate parameter, 𝜆 . 
Therefore, to carry out this analysis different values of this parameter are studied. 
It is important to note that the exponential distribution is a particular case of the Weibull 
distribution when the shape parameter is 1.  The relationship between both distributions 
is given in equation (4.8). 
Fig. 4.4: Relationship between the maximum availability and the scale parameter. 
(Scale ranges from 1.5 to 10 years. Shapes fixed at: 0.5, 0.8, 1, 2.2, 5 and 10) 
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𝜆 = 1/𝜂 (4.8) 
where 𝜂 is the scale parameter of the Weibull distribution. When the shape parameter 𝛽 
of the Weibull distribution is 1, the results from the Weibull distribution and the 
exponential distribution should be the same. This section is intended to study the 
exponential distribution. Moreover, it will be useful to validate the results of the 
Weibull distribution when 𝛽 = 1 obtained in Section 4.1. 
To carry out this analysis, the availability model, which is given in equation (4.1), needs 
to be adapted to the exponential distribution. According to equation (4.1), 𝑅(𝑣𝑖) needs 
to be determined. 
From Chapter 2 (see table 2.2) the reliability function of the exponential distribution is 
given as follows:  
𝑅(𝑡) = 𝑒𝑥𝑝 [−𝜆𝑡] (4.9) 
Substituting equation (4.3) into (4.9), 𝑅(𝑣𝑖) is obtained. 
𝑅(𝜐𝑖) = {
1, 𝑖 = 0
exp [−𝜆(𝑖(𝐼 − 𝑇𝑤) + 𝑇𝑤 − 𝑇𝑓)], 𝑖 = 1, 2…
 (4.10) 
Combining equation (4.1) and (4.10) the availability model for a device which lifetime 
follows an exponential distribution is given as follows: 
To study the performance of this distribution, values from 0.01 to 4 fails/year for the 
rate parameter are studied. The step between values is every 0.05. These values are 
selected based on reference [35].  
?̅? =
1/𝜆
𝐼 + 𝐼 ∑ exp (−𝜆(𝑖(𝐼 − 𝑇𝑊) + 𝑇𝑤 − 𝑇𝐹))
∞
𝑖=1
 (4.11) 
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Using the model presented in equation (4.11), the maximum availability and optimal 
inspection interval are calculated for 𝜆 ranging from 0.01 to 4 fails/year.  
Fig. 4.5 shows the relationship between the optimal inspection interval and the rate 
parameter. As we can see, when the rate parameter increases, the optimal inspection 
interval falls. When the rate parameter goes from 0.01 to around 0.5, the optimal 
interval drops dramatically. However, it remains fairly constant for values from 0.5 to 4. 
The relationship between the maximum availability and the rate parameter is presented 
in Fig. 4.6. The trend followed between these two parameters is slightly different to the 
trend followed between the optimal inspection interval and the rate parameter. Fig. 4.6 
shows that when number of failures per year increases, the maximum availability drops 
for the whole range studied.  
Fig. 4.5: Relationship between the optimal inspection interval and the rate parameter. 
(Rate parameter ranges from 0.01 to 4 failures/years) 
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If we compare the optimal inspection interval and the maximum availability obtained 
for the rate parameter from 0.1 to 0.66 failures/year with their respective results 
(according to equation (4.8)) for the Weibull distribution when 𝛽 = 1, we can see that 
the results are analogous.  
 
4.3 Normal distribution analysis 
As it has been explained in Chapter 2, the normal distribution is described by two 
parameters: the mean and the standard deviation. Section 4.3 studies how changing the 
standard deviation affect the maximum availability and optimum inspection interval of a 
protective device. Changing the standard deviation may lead to have a higher or lower 
probability of taking negative numbers. To achieve this objective, the mean is fixed at a 
value, and the effect of a range of standard deviations is studied.  
Fig. 4.6: Relationship between the maximum availability and the rate parameter. 
(Rate parameter ranges from 0.01 to 4 failures/years) 
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To study the effect of the standard deviation, the availability function, which is given in 
equation (4.1), needs to be adapted to the normal distribution. According to the 
expression described by equation (4.1), 𝑅(𝑣𝑖) needs to be determined. 
From Chapter 2 (see table 2.3) the reliability function of the normal distribution is given 
as follows: 
𝑅(𝑡) =  
1
𝜎√2𝜋
∫ 𝑒𝑥𝑝 [−
1
2
(
𝑡 − 𝜇
𝜎
)
2
]
∞
𝑡
𝑑𝑡 (4.12) 
Substituting equation (4.3) into (4.12), the expression for 𝑅(𝑣𝑖) can be obtained. 
𝑅(𝜐𝑖) = {
1, 𝑖 = 0
1
𝜎√2𝜋
∫ 𝑒𝑥𝑝 [−
1
2
(
(𝑖(𝐼 − 𝑇𝑤) + 𝑇𝑤 − 𝑇𝑓) − 𝜇
𝜎
)
2
]
∞
𝑖(𝐼−𝑇𝑤)+𝑇𝑤−𝑇𝑓
, 𝑖 = 1, 2…
 (4.13) 
Combining equation (4.1) and (4.13), the availability model for a device that follows a 
normal distribution is obtained:  
?̅? =
𝜇
𝐼 + 𝐼 ∑
1
𝜎√2𝜋
∫ 𝑒𝑥𝑝 [−
1
2(
(𝑖(𝐼 − 𝑇𝑤) + 𝑇𝑤 − 𝑇𝑓) − 𝜇
𝜎 )
2
]
∞
𝑖(𝐼−𝑇𝑤)+𝑇𝑤−𝑇𝑓
∞
𝑖=1
 (4.14) 
 
Hauge [26] used a normal distribution with mean μ = 5.56 years (2029.4 days) and 
standard deviation σ = 2.87 years (1047.5 days) to model the time to failure of a 
Gaseous Nitrogen (GN2) Dome Regulator. The probability of this distribution taking 
values under zero is 2.64%. In our study, we fix the mean at 2029.4 days, while the 
standard deviation ranges from 73 days to 1047.5 days to analyze the effect of standard 
deviation on the optimal inspection interval and the maximum availability. 
Standard deviation is only defined positive, for this reason a minimum value of 73 is 
selected.. The interval between the different standard deviation is every 36.5 days. For 
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instance, some of the standard deviations studied are: 73, 109.5, 146 days…This 
decision intends to have a significant number of results to analyze.  
To carry out this analysis, first, the optimal inspection interval and the maximum 
availability are calculated for a standard deviation of 73 days and a mean of 2029.4days. 
Then, the same is done for all the standard deviations proposed. The mean is always 
fixed at 2029.4 days.  
Fig. 4.7 shows how the optimal inspection interval varies according to the standard 
deviation. When the standard deviation varies from 73 days to a value near to 473 days, 
the optimal interval is 37.1 days and it remains almost unchanged. However, when this 
parameter is above 473 days, the optimal interval decreases sharply until 36.7 days.  
The change of trend in the relationship between the optimal inspection interval and the 
standard deviation may be due to the number of negative values the normal distribution 
is taking when the standard deviation increases. 
σ = 0.23μ 
Fig. 4.7: Relationship between the optimal inspection interval and the mean. 
(Mean fixed at 2029.4 days Standard deviation ranges from 73 days to 1047.5 
days). 
 (Mean fixed at 2029.4 days Standard deviation ranges from 73 days to 1047.5 days) 
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When standard deviations that imply taking a significant amount of negative values (in 
the previous data set 𝜎 ≥ 0.23𝜇) are studied, a noticeable error is introduced to the 
availability model and it causes calculation errors. These errors lead to untruthful 
optimal inspection intervals.  If 𝜎 < 0.23𝜇, an error is also introduced but it is not 
significant. For the data set studied, when 𝜎 ≥ 0.23𝜇 the interval calculated is named 
the so-called “optimal inspection interval”.  
To acquire a deeper theoretical understanding, the range of the standard deviation is 
extended. We intend to study if it follows the same downward trend. The studied range 
is extended until a value of 𝜎 = 𝜇 is reached. Therefore, standard deviations from 73 to 
2029.4 days are analyzed. The probability of taking negative values when σ = 2029.4 
and 𝜇 = 2029.4 days is 15.86 %. 
Fig. 4.8 shows the relationship between the optimal inspection interval and the standard 
deviation when the latter ranges from 73 days to 2029.4 days. The so-called “optimal 
inspection interval”, in the extended studied interval, follows a downward trend as well.  
Fig. 4.8: Relationship between the optimal inspection interval and the standard deviation. 
(Mean fixed at 2029.4 days. Standard deviation ranges from 73 days to 2029.4 days) 
σ = 0.23μ 
σ = μ 
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To study the relationship between the maximum availability and the standard deviation, 
the mean is fixed at 2029.4 days, and the range for the standard deviation selected is 
from 73 to 2029.4 years. 
The relationship followed by the maximum availability and the standard deviation is 
fairly similar to the relationship followed by the optimal inspection interval and the 
standard deviation. Fig. 4.9 represents the relationship between the maximum 
availability and the standard deviation. It shows that when the number of negative 
values the distribution is not noticeable, when the standard deviation ranges from 73 to 
473 days, the maximum availability remains almost constant at a value of 0.9826. But, 
when the percentage of negative values increases, standard deviation over 473 days, the 
maximum availability falls considerably until 0.9078.  
Fig. 4.9: Relationship between maximum availability and standard deviation. 
(Mean fixed at 2029.4 days. Standard deviation ranges from 73 days to 2029.4 
days) 
 (Mean fixed at 2029.4 days. Standard deviation ranges from 73 days to 2029.4 days) 
σ = 0.23μ 
σ = μ 
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From the previous analysis, we can see that when the availability model presented in 
equation (4.1) is used, and a normal distribution describes the lifetime of the protective 
device and the probability of taking negative values is significant, neither the maximum 
availability nor the optimal inspection interval are trustful. Therefore, in this situation is 
not recommended using this model. In the data set studied, the effect of the negative 
values is noticeable when 𝜎 ≤ 0.23𝜇. In other data sets this relationship may vary. 
 
4.4 Truncated normal distribution analysis 
As we have seen in Section 4.3, when the normal distribution is used to describe the 
lifetime of a protective device, it is possible that it takes negative values. Obviously, the 
lifetime of a device cannot be considered negative.  One approach to solve this problem 
is using the truncated normal distribution instead of the normal distribution. By using 
this distribution truncated at zero, negative values are restricted. 
Section 4.4 analyzes what are the effects of truncating a lifetime normal distribution on 
the maximum availability and inspection optimal interval using the model presented in 
equation (4.1). 
To carry out this analysis, the first step is to calculate the truncated normal distribution 
from the original normal distribution. Fig. 4.10 shows the effects of truncating a normal 
distribution at zero on the probability density function. When the probability of taking 
negative values is low, for example around 5%, the truncated distribution looks quite 
similar to the original distribution, see Fig. 4.10 (a). However, when this probability 
increases, for instance when it is 50%, the shapes of both distributions are fairly 
different, see Fig. 4.10 (b). The probability of taking values around zero increases 
notably for the truncated distribution. Finally, when probability of taking negative 
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values is not noticeable, for example when it is 0.05%, as Fig. 4.10 (c) shows, the 
truncated distribution may be approximated to the original normal distribution.  
To study the effect of using a truncated normal distribution on the maximum availability 
and the optimal inspection interval, we study several scenarios where the truncated area 
from the original normal distribution is different. This truncation area is given by: 
𝑝 = Φ(𝛼), (4.15) 
where Φ(·) is the standard normal cumulative function. From Chapter 2 (see equation 
(2.5)) 𝛼 is given as follows:  
Fig. 4.10: Normal distribution with different levels of truncation: (a) 5%, (b) 50% (c) 0.05% 
(b) (a) 
(c) 
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𝛼 =
𝑎 − 𝜇
𝜎
 (4.16) 
where a is the truncation point, in this study it is 0. The other parameters, 𝜇 and 𝜎 are 
the mean and the standard deviation of the normal distribution, respectively. 
To illustrate the meaning of the parameter p, Fig. 4.11 is used. This figure presents the 
probability density function of a normal distribution with μ=400 days and σ=250 days. 
It also presents its truncated normal distribution at zero. To obtain the truncated normal 
distribution, the area below zero, which is p, is eliminated. Then, to obey the property of 
equation (4.17) every point of the probability density function is divided by (1 − Φ(𝛼)). 
∫ 𝑓(𝑡) 𝑑𝑡 = 1
∞
−∞
 (4.17) 
 
 
 
 
 
As for the previous distributions studied, to analyze the effect of the truncated normal 
distribution, the availability model given in equation (4.1) needs to be adapted. 
According to equation (4.1), 𝑅(𝑣𝑖) and μ need to be determined. 
p 
Fig. 4.11: Probability density function of a normal distribution (μ=400 days and σ=250 days) and its 
truncated distribution 
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From Chapter 2 (see Table 2.3) the reliability function of the truncated normal 
distribution is given as follows:  
𝑅(𝑡) =
Φ(
𝜇 − 𝑡
𝜎 )
Φ(
𝜇
𝜎)
 (4.18) 
Substituting equation (4.3) into (4.18), the expression for 𝑅(𝑣𝑖) is: 
𝑅(𝜐𝑖) =
{
 
 
 
 
1, 𝑖 = 0
Φ(
𝜇− (𝑖(𝐼 − 𝑇𝑤)+𝑇𝑤 − 𝑇𝑓)
𝜎 )
Φ (
𝜇
𝜎)
, 𝑖 = 1, 2…
 (4.19) 
Also, we know from Chapter 2 (see equation (2.3)) that μ can be expressed by: 
𝜇𝑇 = ∫ 𝑡𝑓𝑇(𝑡) 𝑑𝑡
∞
0
  (4.20) 
Consequently, combining equations (4.1), (4.19) and (4.20), the availability expression 
for a truncated normal distribution is given by: 
𝐴 =
∫ 𝑡 𝑓𝑇(𝑡)𝑑𝑡
∞
0
𝐼 + 𝐼 ∑
Φ(
𝜇 − (𝑖(𝐼 − 𝑇𝑤) + 𝑇𝑤 − 𝑇𝑓)
𝜎 )
Φ(
𝜇
𝜎)
∞
𝑖=1
 
(4.21) 
The same data sets from Section 4.4 are used in this study. They are based on a 
distribution used by Hauge [27]. He used a normal distribution to describe the time to 
failure of a Gaseous Nitrogen (GN2) Dome Regulator, where the mean μ = 2029.4 days 
and the standard deviation σ = 1047.5 days. These data sets are used because later in 
Section 4.4 a comparison between the normal and the truncated normal distribution is 
carried out.  
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To carry out this study, the mean of the original normal distribution is fixed at 2029.4 
days, and its standard deviation ranges from 73 to 2029.4 days. Correspondingly, the 
parameter p ranges from 0 to 15.86%.  
After calculating the truncated normal distribution, the maximum availability and 
optimal inspection interval are calculated. It is important to note these two parameters 
should be fairly similar for the normal and truncated normal distributions when the 
probability of taking negative values is not significant. 
Fig. 4.12 shows the relationship between the truncated area, p, and the optimal 
inspection interval obtained. The optimal interval increases rapidly when the truncated 
area increases. When the truncated area is about 0, the optimal interval is 37.1 days, but 
when the truncated area is 15.86% it is 42 days. The variation between the intervals 
obtained from 0% and 15.86% truncation area is around 13.2%. To understand why the 
optimal inspection interval increases when the truncated area increases, the probability 
density function of three different data sets are studied.  
Fig. 4.12: Relationship between optimal inspection interval and truncated area. 
(Mean fixed at 2029.4 days. Truncated area ranges from 0 % to 15.86%) 
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Fig 4.13 shows three probability density functions with μ = 2029.4 days and truncations 
areas, p, of 5%, 10% and 15%, respectively. As we can see, the higher the truncated 
area is, the wider the spread of the distribution is. When the spread of the distributions 
is wider, it means that the probability of a device to fail later is higher. Consequently, 
this phenomenon leads to a bigger optimal inspection interval.  
 
Fig. 4.13: Probability density function. Mean fixed at 2029.4 days, truncated areas: 4.54%, 10.23% and 
15.51% 
The results obtained for the maximum availability are fairly similar to the ones obtained 
for the optimal inspection interval. Fig. 4.14 shows the relationship between the 
maximum availability and the proportion of truncated area. As we can see, it follows an 
upward trend. When the truncated area is 0 %, the maximum availability is 0.9819. The 
maximum availability reaches 0.9840 when the truncated area is 15.86 %. The variation 
between the maximum and minimum values is about 0.21 %. 
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Fig. 4.14: Relationship between maximum availability and truncated area  
(Mean fixed at 2029.4 days. Truncated area ranges from 0 % to 15.86%). 
 
4.5 Comparison between the normal and the truncated normal 
distributions 
In Section 4.3 we have seen that when the normal distribution might take negative 
values, the optimal inspection interval and the maximum availability calculated are not 
accurate. An approach to obtain trustful results may be using the truncated normal 
distribution, its analysis has been previously carried out in Section 4.4. This distribution 
restricts negative lifetimes. 
This section intends to compare the normal and the truncated normal distributions. To 
compare both distributions, the results for the maximum availability and optimal 
inspection interval from Sections 4.3 and 4.4 are gathered in Fig. 4.15 and Fig. 4.16. 
Fig. 4.15 shows the relationship between the optimal inspection interval and the 
truncated area for the normal and the truncated normal distributions. For the normal 
 (Mean fixed at 2029.4 days. Truncated area ranges from 0 % to 15.86%) 
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distribution, the truncated area can be understood as the percentage of negative values 
that it might take. The mean of the distribution studied is 2029.4 days. When the 
truncated area is zero, the optimal inspection interval is exactly the same for both 
distributions. This is due to the fact that the normal and the truncated distribution are 
fairly similar when area to truncate is zero.  If the truncated area increases, the optimal 
inspection interval for the truncated normal grows, while the so-called “optimal 
inspection interval” for the normal distributions decreases. Therefore, for the truncation 
area studied from 0% to 15.86%, the bigger the truncated area is, the bigger the 
difference between both values is.  
 
 
The relationship that exists between both distributions for the maximum availability is 
similar to the relationship existing for the optimal inspection interval. Fig. 4.16 presents 
the relationship between the truncated area and the maximum availability. When the 
truncated area increases, the maximum availability growth of the truncated normal 
Fig. 4.15: Relationship optimal inspection interval and truncated area. Normal and truncated normal distributions.  
(Mean fixed at 2029.4 days. Truncated area ranges from 0 % to 15.86%) 
52 
 
Fig. 4.16: Relationship between maximum availability and truncated area. Normal and truncated normal distributions. 
(Mean fixed at 2029.4 days. Truncated area ranges from 0 % to 15.86%) 
distribution is almost not notable, while that of the normal distribution decreases very 
fast. As in Fig. 4.15, the higher the truncated area is, the bigger the difference between 
the two distributions is. 
From the previous analysis, we can see that if inspections are scheduled based on the 
results obtained using the normal distribution, in the long run, more inspections than 
needed are carried out.  
 
4.6 Conclusions 
In this chapter, the model presented in Chapter 3 is used to calculate the maximum 
availability and optimal inspection interval for protective devices. I studied the 
relationship between the optimal inspection interval and maximum availability 
calculated by the aforementioned model with the following statistical distributions: the 
Weibull, exponential, normal and truncated normal. 
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After analyzing the four distributions, the following conclusions are drawn: 
- When the lifetime of a protective devices follows the Weibull distribution and 
the scale parameter is: 1, 2, 4, 6, 8 or 10 years, the shortest optimal inspection 
interval and lowest maximum availability are found when the shape parameter is 
2.2. 
- For exponential distribution, the lower the failure rate is, the higher the optimal 
inspection interval is. Consequently, the maximum availability is also higher. 
- It is not recommended using the normal distribution to describe the lifetime of a 
protective device when the negatives values that it is taking is noticeable. If the 
probability of taking negative values is high it may lead to a wrong optimal 
inspection interval, and consequently to a wrong maximum availability.  
- The truncated normal distribution is possible an approach to solve the negative 
value problem presented by the normal distribution. If the truncated area of the 
distribution increases, in a range from 0% to 15.86%, the optimal inspection 
interval and the maximum availability also do.     
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Chapter 5 
Chapter 5:    Future Work 
Future Work 
 
In this thesis, only four distributions are analyzed: the Weibull, exponential, normal and 
truncated normal distributions. And only one availability model has been used to carry 
out the analysis. Based on the scope of this thesis, the following three perspectives are 
suggested for future considerations.  
- Other availability models should be used to analyze the statistical distributions. 
The literature review showed that there are several availability models, each of 
them take into account different considerations. This thesis has used a model in 
which the time between inspections is considered constant. It could be 
interesting to carry out the same study but using a model which considers that 
the time between inspections can vary.  
- Other distributions, such as the gamma, the log-logistic or the log-normal 
distributions could be studied. According to the literature review, they are one of 
the most used in maintenance.  
- This thesis has focused only on the truncated normal distribution to solve the 
problem of taking negative lifetimes presented by the normal distribution. Other 
distributions or methods could be found to solve this problem. 
 
 
 
55 
 
References 
[1] M. Rausand, System reliability theory: models, statistical methods, and applications, 
Second edition. Hoboken, NJ: Wiley-Interscience, 2004. 
[2] A. K. S. Jardine and A. H. C. Tsang, Maintenance, replacement, and reliability: theory and 
applications, Second edition. Boca Raton: CRC Press, 2013. 
[3] J. Moubray, Reliability Centered Maintenance, Second edition. Oxford: Industrial Press, 
1997. 
[4] J. D. Campbell and J. V. Reyes-Picknell, Uptime: Strategies for Excellence in Maintenance 
Management, Second Edition, Second edition. New York: Productivity Press, 2006. 
[5] T. Q. Tang, “Failure Finding Interval Optimization for Periodically Inspected Repairable 
Systems,” Thesis, University of Toronto, 2012. 
[6] T. Tang, D. Lin, D. Banjevic, and A. K. S. Jardine, “Availability of a system subject to 
hidden failure inspected at constant intervals with non-negligible downtime due to 
inspection and downtime due to repair/replacement,” J. Stat. Plan. Inference, vol. 143, no. 
1, pp. 176–185, Jan. 2013. 
[7] C. H. Lie, C. L. Hwang, and F. A. Tillman, “Availability of Maintained Systems: A State-
of-the-Art Survey,” E Trans., vol. 9, no. 3, pp. 247–259, Sep. 1977. 
[8] R. Barlow, L. Hunter, and F. Proschan, “Optimum Checking Procedures,” J. Soc. Ind. Appl. 
Math., vol. 11, no. 4, pp. 1078–1095, Dec. 1963. 
[9] J. F. Lawless, Statistical Models and Methods for Lifetime Data, Second edition. Hoboken, 
N.J: Wiley-Interscience, 2002. 
[10] W. Tippachon et al., “Failure Analysis of Protective Devices in Power Distribution Systems 
for Reliability Purpose,” in TENCON 2006 - 2006 IEEE Region 10 Conference, 2006, pp. 
1–4. 
[11] A. S. Farag et al., “Failure analysis of composite dielectric of power capacitors in 
distribution systems,” IEEE Trans. Dielectr. Electr. Insul., vol. 5, no. 4, pp. 583–588, Aug. 
1998. 
[12] L. Pintelon and F. Van Puyvelde, Maintenance Decision Making, First edition. Leuven: 
ACCO, 2006. 
[13] Andersson, G., Donalek, P., and Farmer, R, “Causes of the 2003 Major Grid Blackouts in 
North America and Europe, and Recommended Means to Improve System Dynamic 
Performance.,” IEEE Power Engineering Society, 2004. 
[14] L. Zhao, X. Li, M. Ni, T. Li, and Y. Cheng, “Review and prospect of hidden failure: 
protection system and security and stability control system,” J. Mod. Power Syst. Clean 
Energy, pp. 1–9, Jun. 2015. 
56 
 
[15] J. J. Naresky, “Reliability Definitions,” IEEE Trans. Reliab., vol. R-19, no. 4, pp. 198–200, 
Nov. 1970. 
[16] G. H. Sandler, System Reliability Engineering. Literary Licensing, LLC, 2012. 
[17] A. Martínez, G. Lara, R. Pascual, and E. López Droguett, “Optimal Failure-Finding 
Intervals for Heat Shields in a Gas Turbine Combustion Chamber Using a Multicriteria 
Approach,” J. Eng. Gas Turbines Power, vol. 137, no. 7, pp. 072501–072501, Jul. 2015. 
[18] R. Pascual, D. Louit, and A. K. S. Jardine, “Optimal inspection intervals for safety systems 
with partial inspections,” J. Oper. Res. Soc., vol. 62, no. 12, pp. 2051–2062, Dec. 2010. 
[19] A. Pak, R. Pascual, and A. K. S. Jardine, “Maintenance and replacement policies for 
protective devices with imperfect repairs,” presented at the MARCON, University of 
Tennessee, May 9-11. 
[20] J. Sarkar and S. Sarkar, “Availability of a periodically inspected system under perfect 
repair,” J. Stat. Plan. Inference, vol. 91, no. 1, pp. 77–90, Nov. 2000. 
[21] G. A. Klutke and Y. Yang, “The availability of inspected systems subject to shocks and 
graceful degradation,” IEEE Trans. Reliab., vol. 51, no. 3, pp. 371–374, Sep. 2002. 
[22] A. Biswas, J. Sarkar, and S. Sarkar, “Availability of a periodically inspected system, 
maintained under an imperfect-repair policy,” IEEE Trans. Reliab., vol. 52, no. 3, pp. 311–
318, Sep. 2003. 
[23] T. Nakagawa and K. Yasui, “Approximate Calculation of Optimal Inspection Times,” J. 
Oper. Res. Soc., vol. 31, no. 9, pp. 851–853, Sep. 1980. 
[24] R. Jiang and A. K. S. Jardine, “Two optimization models of the optimum inspection 
problem,” J. Oper. Res. Soc., vol. 56, no. 10, pp. 1176–1183, Feb. 2005. 
[25] N. Kaio and S. Osaki, “Comparison of Inspection Policies,” J. Oper. Res. Soc., vol. 40, no. 
5, pp. 499–503, 1989. 
[26] B. S. Hauge, “Optimizing intervals for inspection and failure-finding tasks,” in Reliability 
and Maintainability Symposium, 2002. Proceedings. Annual, 2002, pp. 14–19. 
[27] A. C. Johnson and N. T. Thomopoulos, “Use of the Left-Truncated Normal Distribution for 
Improving Achieved Service Levels,” presented at the Proceedings - Annual Meeting of the 
Decision Sciences Institute, San Diego, CA, 2002, pp. 2033–2041. 
[28] X. Liu and L. Ding, “The Simplified Distribution Model and Its Application for Annual 
Dry-Bulb Temperatures,” in 2009 3rd International Conference on Bioinformatics and 
Biomedical Engineering, 2009, pp. 1–6. 
[29] D. L. Song, W. H. Zhang, G. M. Mei, and J. B. Wang, “Static Reliability Analysis on 
Pantograph of V500 Type,” in 2010 WASE International Conference on Information 
Engineering (ICIE), 2010, vol. 4, pp. 181–184. 
57 
 
[30] D. J. D. Priest, “Testing Goodness-of-Fit for the Singly Truncated Normal Distribution 
Using the Kolmogorov-Smirnov Statistic,” IEEE Trans. Geosci. Remote Sens., vol. GE-21, 
no. 4, pp. 441–446, Oct. 1983. 
[31] B. R. Cho and M. S. Govindaluri, “Optimal screening limits in multi-stage assemblies,” Int. 
J. Prod. Res., vol. 40, no. 9, pp. 1993–2009, Jan. 2002. 
[32] Yan Chun-xia, Chen Bian-juan, Yue De-quan, and Zhang Hui-juan, “Statistical inference 
for alpha-series process with truncated normal distribution,” 2012, pp. 1926–1929. 
[33] F. Fan, K. Bell, and D. Infield, “Probabilistic weather forecasting for dynamic line rating 
studies,” in 2016 Power Systems Computation Conference (PSCC), 2016, pp. 1–7. 
[34] S. H. Sim, “Unavailability Analysis of Periodically Tested Components of Dormant 
Systems,” IEEE Trans. Reliab., vol. R-34, no. 1, pp. 88–91, Apr. 1985. 
[35] F. G. Badía, M. D. Berrade, and C. A. Campos, “Optimization of inspection intervals based 
on cost,” J. Appl. Probab., vol. 38, no. 4, pp. 872–881, Dec. 2001. 
[36] H. Rinne, The Weibull distribution : a handbook. Boca Raton, FL : CRC Press, c2009. 
[37] C. Forbes, M. Evans, N. Hastings, and B. Peacock, Statistical Distributions, 4 edition. 
Hoboken, N.J: Wiley, 2010. 
[38] M. T. Khasawneh, S. R. Bowling, S. Kaewkuekool, and B. R. Cho, “Tables of a Truncated 
Standard Normal Distribution: A Singly Truncated Case,” Qual. Eng., vol. 17, no. 1, pp. 
33–50, Dec. 2004. 
[39] B. Gnedenko, I. A. Ushakov, and J. Falk, Probabilistic Reliability Engineering. John Wiley 
& Sons, 1995. 
 
